Abstract. We investigate generalized amenability and biflatness properties of various (operator) Segal algebras in both the group algebra, L 1 (G), and the Fourier algebra, A(G), of a locally compact group, G.
Ghahramani and Zhang showed that if S 1 (G) is a Segal algebra in L 1 (G) with an approximate identity which "approximately commutes with orbits" (this includes all [SIN]-groups) and G is amenable, then S 1 (G) is pseudoamenable and that when G is compact, S 1 (G) is pseudo-contractible [17, Propostion 4.4 and Theorem 4.5] (also see [14, Corollary 7.1] ). At present, there is no known example of an approximately amenable Banach algebra without a bounded approximate identity, so in our study of Segal algebras we will only consider pseudo-amenability and pseudo-contractibility. We note that the approximate and pseudo-amenability of L 1 (G), M (G), and A(G) are studied in [14] , [17] and [16] .
An important property, which is related to amenability, is the homological notion of biflatness (see, for example, [4, Theorem 2.9 .65]). In Section 2 we provide a natural generalization of biflatness, in the spirit of the definitions of approximate and pseudo-amenability: approximate biflatness. Our definition is inspired by a recent characterization of biflatness of A.Yu. Pirkovskii [26] . We prove that a sufficient condition for A to be pseudo-amenable is that it is approximately biflat and has an approximate identity (Theorem 2.4). The section concludes with an examination of some hereditary properties of (approximately) biflat Banach algebras that are needed in our study of the approximate cohomology of Segal algebras.
In Section 3, we study Segal algebras, S 1 (G), in L 1 (G). We prove that G is amenable when S 1 (G) is pseudo-amenable (Theorem 3.1) and prove that for [SIN]-groups, S 1 (G) is either pseudo-amenable or approximately biflat if and only if G is amenable. For symmetric Segal algebras, we show that G is amenable exactly when S 1 (G) is a flat L 1 (G)-bimodule; which happens exactly when S 1 (G) has a type of approximate diagonal in L 1 (G) ⊗S 1 (G) (Theorem 3.3) . This idea in then used in Theorem 3.4 to give an alternative approach to that of [13] for describing continuous derivations from S 1 (G) into L 1 (G)-modules when G is amenable. We show in Theorem 3.5 that S 1 (G) is compact when S 1 (G) is pseudo-contractible (the converse to [17, Theorem 4.5] ). Finally, in Theorem 3.6 we prove, for any group G and every continuous derivation D : S 1 (G) → S 1 (G) * , that π * •D is w*-approximately inner.
In Sections 4 and 5 we turn our attention to (operator) Segal algebras in A(G). We first show in Theorem 4.2 that an arbitrary Segal algebra SA(G) in A(G) is pseudo-contractible if and only if G is discrete and SA(G) has an approximate identity. We then focus on the Lebesgue-Fourier algebra S 1 A(G) = A(G) ∩ L 1 (G) which was introduced by Ghahramani and Lau in [12] , and was recently studied by Forrest, Wood, and the second-named author in [11] . As well, we will examine Feichtinger's Segal algebra S 0 (G) which was shown by the second-named author to have many remarkable properties [34] . We prove in Theorem 4.6 that when S 1 A(G) has an approximate identity and G contains an abelian open subgroup, then S 1 A(G) is approximately biflat (and therefore pseudo-amenable). Supposing that G contains an open subgroup, H, that is weakly amenable and such that ∆ H , the diagonal subgroup of H × H, has a bounded approximate indicator (this is true for example whenever G e , the connected component of the identity, is amenable), then S 1 A(G) is operator approximately biflat (and therefore operator pseudo-amenable) whenever it has an approximate identity (Theorem 4.7). We conclude with Theorem 5.3 which shows that under these same hypotheses, the Feichtinger Segal algebra, S 0 (G), is actually operator biflat. This, in particular, implies that it is operator pseudo-amenable.
1. Preliminaries 1.1. Banach algebras of harmonc analysis. Let G be a locally compact group and let M (G) be the Banach space of complex-valued, regular Borel measures on G. The space M (G) is a unital Banach algebra with the convolution multiplication and L 1 (G), the group algebra on G, is a closed ideal in M (G). We write δ s for the point mass at s ∈ G; the element δ e is the identity of M (G), and l 1 (G) is the closed subalgebra of M (G) generated by the point masses.
Let G be a locally compact group, let P (G) be the set of all continuous positive definite functions on G, and let B(G) be its linear span. The space B(G) can be identified with the dual of the group C * -algebra C * (G), this latter being the completion of L 1 (G) under its largest C * -norm. With pointwise multiplication and the dual norm, B(G) is a commutative regular semisimple Banach algebra. The Fourier algebra A(G) is the closure of B(G)∩C c (G) in B(G). It is shown in [8] that A(G) is a commutative regular semisimple Banach algebra whose carrier space is G. Also, up to isomorphism, A(G) is the unique predual of V N (G), the von Neumann algebra generated by the left regular representation of G on L 2 (G).
Let H be a closed subgroup of G, and let
Approximate indicators were introduced in [1].
1.2. Operator spaces. Our standard reference for operator spaces is [7] . We summarize some basic definitions, below.
Let V be a Banach space. An operator space structure on V is a family of norms { · n : M n (V ) → R ≥0 } n∈N -where each M n (V ) is the space of n × n matrices with entries in V -which satisfy Ruan's axioms. The natural morphisms between operator spaces are the completely bounded maps, i.e. those linear maps T : V → W which satisfy T cb = sup n∈N T n < ∞ where
We say that T is completely contractive if T cb ≤ 1. Operator spaces admit an analogue of the projective tensor product ⊗, which we call the operator projective tensor product ⊗ op .
If A is a Banach algebra which is also an operator space, and V is a left A-module and an operator space, we say that V is a completely contractive left A-module if the product map π 0 : A ⊗ V → V extends to a complete contraction π : A ⊗ op V → V . Completely contractive right and bi-modules are defined similarly. We say that A is a completely contractive Banach algebra if it is a completely contractive bimodule over itself. Natural examples include L 1 (G), which inherits the maximal operator space structure as the predual of a commutative von Neumann algebra; and A(G), which inherits its operator space structure as the predual of V N (G).
1.3. Amenability properties. Let A be a (completely contractive) Banach algebra.
Following Johnson [21] we say that A is (operator) amenable if A admits is a bounded approximate diagonal, i.e. a bounded net (m α ) in A ⊗A (resp. in A ⊗ op A) such that
, and π is the product map. (Operator) amenability of A is equivalent to having every (completely) bounded derivation from A into a(n operator) dual bimodule be inner; see [21] . A natural relaxation of amenability is to allow A to admit a diagonal net, as in (1) above, but not insist that it is bounded. In doing so we obtain (operator) pseudo-amenability, as defined in [14] . If A admits a net in A ⊗A (resp. in A ⊗ op A) which satisfies (1), and the additional property that a · m α = m α · a, then A is said to be (operator) pseudo-contractible, as defined in [17] . We say that A is (operator) biflat if there is a (completely bounded) bounded A-bimodule map θ : (A ⊗A) * → A * (resp. (A ⊗ op A) * → A * ) such that θ • π * = id A * . A.Ya. Helemskii proved that A is amenable if and only if A is biflat and admits a bounded approximate identity; see [18] or [3] . The analogous characterization of operator amenability follows similarly. A (completely contractive) left A-module is said to be (operator) projective if there is a (completely bounded) bounded left A-module map ξ :
1.4. Segal algebras. Segal algebras were first defined by H. Reiter for group algebras; see [29] , for example. The definition of operator Segal algebras appeared in [11] . However, our abstract definition deviates from the one given in [11] in the sense that we demand that Segal algebras be essential modules.
Let A be a (completely contractive) Banach algebra. An (operator) Segal algebra is a subspace B of A such that (i) B is dense in A,
(ii) B is a left ideal in A, and (iii) B admits a norm (operator space structure) · B under which it is complete and a (completely) contractive A-module.
We further say that B is symmetric if it is also a (completely) contractive essential right A-module.
In the case that A = L 1 (G) we will write S 1 (G) instead of B and further insist that
) -with the actions being continuous and isometric.
We will discuss two specific types of operator Segal algebras in the Fourier algebra A(G). One is the Lebesgue-Fourier algebra, S 1 A(G), whose study was initiated in [12] , and which was shown to be an operator Segal algebra in [11] . The second is Feichtinger's algebra S 0 (G), whose study in the noncommutaive case was taken up in [34] ; this study included an exposition of the operator space structure. Though slightly different terminology was used in that article, it was proved there that S 0 (G) is an operator Segal algebra in A(G), in the sense defined above.
Approximate biflatness and pseudo-amenability
Throughout this section, A is a Banach algebra. Recall that if E, F are Banach spaces, then the weak * operator topology (W*OT) on B(E, F * ) is the locally convex topology determined by the seminorms {p e,f : e ∈ E, f ∈ F } where p e,f (T ) = | f, T e |. On bounded sets, the W*OT is exactly the w * -topology of B(E, F * ) when identified with (E ⊗F ) * , so closed balls of B(E, F * ) are W * OT compact. When E and F are operator spaces, CB(E, F * ) is identified with (E ⊗ op F ) * [7, Corollary 7.1.5]. On · cbbounded subsets of CB(E, F * ), the W*OT agrees with the weak* topology.
Suppose that X and Y are Banach A-bimodules. Following A.Yu. Pirkovskii [26] , a net (θ δ ) δ of bounded linear maps from X into Y , satisfying
for all a in A, will be called an approximate A-bimodule morphism from X to Y . If Y is a dual Banach space, and instead of norm convergence we have w * -convergence in (2), we call (θ δ ) δ a w * -approximate A-bimodule morphism.
The following proposition may be compared with [26, Corollary 3.2] .
Proposition 2.1. The following statements are equivalent:
Proof. The implications (i) ⇒ (ii) and (ii) ⇒ (iii) are trivial. Let (θ δ ) δ be a w * -approximate morphism satisfying the properties of statement (iii 
By dropping the condition of uniform boundedness from statement (ii) of Proposition 2.1, we obtain our definition of (operator) approximate biflatness. Remark 4.9 gives examples of approximately biflat Banach algebras which are not biflat. Definition 2.3. We call a (quantized) Banach algebra, A, (operator) approximately biflat if there is a net θ δ : (A ⊗A) * → A * (respectively, θ δ :
Note that statement (iii) in the following theorem agrees with statement (iii) of Proposition 2.1, except that we have dropped the condition of uniform boundedness. Statement (ii) may be seen as an approximate biprojectivity condition.
Theorem 2.4. Consider the following conditions for a Banach algebra
A: (i) A is pseudo-amenable; (ii) there is an approximate A-bimodule morphism (β δ ) from A into A ⊗A such that π • β δ (a) − a → 0 (a ∈ A); (iii) there is a w * -approximate A-bimodule morphism θ δ : (A ⊗A) * → A * (δ ∈ ∆) such that W * OT -lim δ θ δ • π * = id A * ; (iv) A is approximately biflat.
Then (i) ⇒ (ii) ⇒ (iii) and if A has a central approximate identity, then (iii) ⇒ (i). If A has an approximate identity, then (iv) ⇒ (i).
Proof. Assuming that condition (i) holds, let (m δ ) be an approximate diagonal for A. Then it is easy to check that
satisfies the properties of condition (ii). The dual maps θ δ = β * δ satisfy the conditions of statement (iii).
Suppose that θ δ : (A ⊗A) * → A * (δ ∈ ∆) satisfies the conditions of statement (iii) and let (e λ ) λ∈Λ be a central approximate identity for A. Then for any a ∈ A and ψ ∈ (A ⊗A) *
where we have used the centrality of (e λ ) at line ( * ). Also, for a ∈ A and
Let E = Λ × ∆ Λ be directed by the product ordering and for each β = (λ, (δ λ ′ )) ∈ E, let m β = θ δ λ (e λ ) ∈ (A ⊗A) * * . Using the iterated limit theorem [23, p. 69], the above calculations give for each a in A
and
As in the proof of [17, Proposition 2.3] we can use Goldstine's theorem to obtain (m β ) in A ⊗A, and we can replace weak * convergence in equation (3) 
3]).
The proof that A is pseudo-amenable when A is approximately biflat and has an approximate identity (e λ ) is the same as that given above, except that we reverse the order in which we calculate the iterated limits and use the fact that each θ δ is now an A-bimodule map:
This completes the proof.
One can similarly prove the analogous relationship between operator pseudoamenability and operator approximate biflatness. Our motivation in writing this paper has been to obtain information about the approximate (co)homology of Segal algebras, so we will not attempt to exhaustively determine the relationship between approximate biflatness and other forms of amenability. Instead, we have chosen to only examine approximate biflatness versus pseudoamenability (Theorem 2.4) and refer the reader to [14] for a detailed study of the relationship between pseudo-amenability and several other amenability properties. We will, however, conclude this section with an examination of some hereditary properties of (approximately) biflat Banach algebras that are needed in the sequel. Proof. We will prove the operator space version of the proposition -the other case is similar. Let T λ be the completely bounded map specified by
Proposition 2.5. Let B be an (operator) Segal algebra in
As e λ is central in B, T λ is a B-bimodule map. Let θ δ : (A ⊗A) * → A * (δ ∈ ∆) be a net of completely bounded A-bimodule maps such that W * OT -lim δ θ δ •π * A = id A * , and consider the completely bounded B-bimodule map, p :
. Let E = Λ × ∆ Λ be directed by the product ordering, and for each β = (λ, (δ λ ′ ) λ ′ ) ∈ E, define θ β : (B ⊗ op B) * → B * so that the diagram commutes:
λ , a completely bounded B-bimodule map. Note that because e λ lies in the centre of B,
where
By the iterated limit theorem we have
Note that if (e λ ) λ is an approximate identity which is bounded in the multiplier norm on B, then (e 2 λ ) λ is also an approximate identity for B. Definition 2.6. The (operator) biflatness constant of an (operator) biflat (quantized) Banach algebra A is the number BF A = inf γ θ (respectively, BF op A = inf γ θ cb ) where the infimum is taken over all (completely) bounded A-bimodule maps θ : 
Proposition 2.7. Let A be a (quantized) Banach algebra containing a directed family of closed ideals
Proof. We first prove (a). Given α = (F, Φ, ǫ) where F ⊂ A, Φ ⊂ A * are finite, and ǫ > 0, we will find an A-bimodule map θ α : (A ⊗A) * → A * such that
Assuming first that condition (i) holds, take e λ 0 = e 0 such that
where M = sup{ φ : φ ∈ Φ}. Choose γ 0 ∈ Γ such that e 0 ∈ A γ 0 . Consider the maps
Define θ α so that the diagram commutes:
For a ∈ F and φ ∈ Φ, equations (5) and (6) give
If condition (ii) holds, we instead choose γ 0 such that P γ 0 a − a < ǫ/2M (a ∈ F ). By replacing T 0 in the above paragraph by P γ 0 we again obtain equation (4) .
Because we only know that θ 0 is an A γ 0 -bimodule map, the argument showing that that θ α is an A-bimodule map requires some care. Note that
where on the left and right we respectively have A-module, and A γ 0 -module, actions. Let a, b ∈ A, ψ ∈ (A ⊗A) * and assume first that
where we have used the fact that T 0 bP γ 0 a = P γ 0 ((T 0 b)a) = be 0 a = bae 0 = T 0 (ba). As well, P γ 0 bP γ 0 a = P γ 0 (ba), so the same argument works when
A symmetric argument shows that θ α is also a right Amodule map. The operator biflatness version of part (a) is proved in exactly the same way.
Under the hypotheses of the non-bracketed part of statement (b), the maps θ α can be chosen to be uniformly bounded in B((A ⊗A) * , A * ), so biflatness follows from Proposition 2.1. If A is a quantized Banach algebra, then the bracketed hypotheses of statement (b) yield completely bounded maps θ α in CB((A ⊗ op A) * , A * ) such that sup α θ α cb < ∞. Operator biflatness of A follows from Remarks 2.2.
If {V i : i ∈ I} is a family of operator spaces, we let p i∈I V i (1 ≤ p < ∞) have the operator space structure it attains as the predual of the direct product of dual spaces in the case p = 1, and through interpolation in the case p > 1. See [27] . 
We first prove (ii). Let α = (F, Φ, ǫ), where ǫ > 0, and
(where φ i = φ 
. Thus, we have the commuting diagram:
This proves (ii). Obviously, the (non-quantized) Banach algebra version of (ii) holds for arbitrary direct sums A 1 ⊕ A 2 . Suppose further that A = A 1 ⊕ 1 A 2 is the (operator space) ℓ 1 -direct sum of A 1 and A 2 . If each A i is (operator) biflat and
Suppose now that for each i ∈ I, A i is (operator) approximately biflat. Let Γ = {γ : γ ⊂ I is finite} be ordered by inclusion. By induction, the first case shows that A γ = p i∈γ A i is (operator) approximately biflat. Viewing A γ as an ideal in A = p i∈I A i , the natural homomorphic projection maps P γ of A onto A γ are (completely) contractive and satisfy P γ a − a → 0 (a ∈ A). By Proposition 2.7, A is (operator) approximately biflat. This is statement (i).
Finally, suppose that each A i is operator biflat with sup i∈I BF op A i
3. Approximate biflatness and pseudo-amenability of S 1 (G) Throughout this section, S 1 (G) will denote an arbitrary Segal algebra in L 1 (G), where G is a locally compact group. Observe that because S 1 (G) embeds contractively onto a dense subspace of
Proof. Let (m γ ) γ∈Γ ⊂ S 1 (G) ⊗S 1 (G) be an approximate diagonal for S 1 (G). Let ι : S 1 (G) ֒→ L 1 (G) be the embedding map, let 1 G be the augmentation character of L 1 (G), and put
By checking with elementary tensors, one can see that T satisfies
Fix h ∈ S 1 (G) with h = 1, and for each γ let f γ = h * T m γ . For each x ∈ G we then obtain
and so
. Defining
we obtain a net of positive norm-one functions in L 1 (G) which by (7) satisfies
Corollary 3.2. Let G be a [SIN]-group. Then the following statements are equivalent:
Proof. If statement (i) holds, then L 1 (G) is amenable and therefore biflat [4, Theorem 2.9.65], and S 1 (G) has a central approximate identity (e λ ) λ which is bounded in L 1 (G) [24] . Hence, (e 2 λ ) λ is also an approximate identity for S 1 (G), so (ii) is a consequence of Proposition 2.5. That (ii) implies (iii) and (iii) implies (i) are special cases of Theorems 2.4 and 3.1 respectively. Proposition 4.4 of [17] states that the converse to Theorem 3.1 holds when S 1 (G) has an approximate identity which "approximately commutes with orbits". When G is a [SIN]-group, S 1 (G) always has such an approximate identity so (i) ⇒ (iii) of Corollary 3.2 is also a consequence [17, Proposition 4.4].
We do not know whether, in general, the amenability of G implies either approximate bilfatness or pseduo-amenability of S 1 (G) (see also [17, Question 3, P. 123]). However, as we show below, it is possible to construct a well-behaved approximate diagonal for
and π(m γ ) is an approximate identity for S 1 (G). If, in addition, the associated left and right multiplication operators L γ : f → f · m γ and R γ : f → m γ · f from S 1 (G) into L 1 (G) ⊗S 1 (G) are uniformly bounded, then we say that S 1 (G) has a multiplier bounded approximate diagonal in L 1 (G) ⊗S 1 (G). Finally, in either of the above cases, we say that the (multiplier-bounded) approximate diagonal is central if f ·m γ = m γ ·f for all γ ∈ Γ and f ∈ S 1 (G). Theorem 3.3. Let G be a locally compact group, and let S 1 (G) be a symmetric Segal algebra. Then the following statements are equivalent:
is admissible, and therefore splits [3, Theorem 2.5].
(
Let {e α } be an approximate identity for S 1 (G) with L 1 -norm equal to 1. Set n α = θ * (e 2 α ) ∈ (L 1 (G) ⊗S 1 (G)) * * . Then, for every f ∈ S 1 (G) and every α,
α , which is an approximate identity for S 1 (G). Finally, for f ∈ S 1 (G) and The following is [13, Theorem 3.1]. Here we present an alternative proof using the multiplier bounded approximate diagonals. Proof. Suppose that D : S 1 (G) → X * is a continuous derivation. By applying the argument presented in the first two paragraphs of the proof of [13, Theorem 3.1(ii)], we can assume that X is an essential L 1 (G)-bimodule. By the proof of Theorem 3.3(iv), we can choose a multiplier-bounded approxi-
On the other hand, the operators S α : f → f · x * α and T α : f → x * α · f from S 1 (G) into X * are uniformly bounded. Let S be a cluster point of {S α }, and let T be a cluster point of {T α } in the weak * -operator topology. Then (S, T ) is a double centralizer and for every f ∈ S 1 (G) and ξ ∈ X,
where we have used equation (1) and the fact that X is essential.
It is shown in [17, Theorem 4.5] that S 1 (G) is pseudo-contractible if G is compact. In the following theorem, we prove the converse of that result and present other equivalent conditions on pseudo-contractiblity of S 1 (G) (see also [17, Proposition 3.8 
]).
Theorem 3.5. Let G be a locally compact group, and let S 1 (G) be a Segal algebra. Then the following statements are equivalent:
If, in addition, S 1 (G) is symmetric, then the above statements are equivalent to either of the following statements: [17, Theorem 4.5] .
Proof. (i) =⇒ (iii) This is
(iii) =⇒ (ii) We note that from [38] ,
, then a similar argument to the proof of Theorem 3.1 gives a non-zero function f ∈ L 1 (G) such that δ x * f = f (x ∈ G). This implies that f is almost everywhere equal to a non-zero constant and it follows that G is compact.
Conversely, suppose that
, and put
Now define the operator ρ 1 :
It is easy to check that ρ 1 is a continuous L 1 (G)-bimodule morphism. Moreover, for f ∈ S 1 (G) and g ∈ I 0 = ker 1 G ∩ S 1 (G), we have
Hence
However, S 1 (G)/I 0 is isomorphic with C as a Banach L 1 (G)-module for the product defined by
Moreover, with the above identification,
has a central approximate identity {e α } which has L 1 -norm equal to 1. On the other hand, from (iv), there is a continuous S 1 (G)-bimodule morphism θ : S 1 (G) −→ L 1 (G) ⊗S 1 (G) which is the right inverse to the convolution multiplication π 1 : L 1 (G) ⊗S 1 (G) −→ S 1 (G). Thus if we put m α = θ(e α ), then it is straightforward to show that {m α } is a central multiplier-bounded approximate diagonal in L 1 (G) ⊗S 1 (G) for S 1 (G). The converse follows easily because (v) implies (iii).
It is shown in [13] that every continuous derivation from a symmetric Segal algebra S 1 (G) into S 1 (G) * is approximately inner whenever G is an amenable group or a SIN group. The following theorem is parallel to those results. Theorem 3.6. Let G be a locally compact group, and let S 1 (G) be a symmetric Segal algebra. Then for every continuous derivation D :
Since D is a derivation, it is straightforward to verify thatD is a continuous derivation. Let {e α } α∈I be an approximate identity in
, and so, it is inner ([4, Theorem 5.6.41], in the case where
However, since e α 1 = 1, it follows that for every T ∈ (S 1 (G) ⊗S 1 (G)) * and g, h ∈ S 1 (G)
Thus (ι ⊗ ι) * • Λ α ≤ 1, and so,
Hence ∆ • ι = π * • D. Therefore, from (1), it follows that
Approximate biflatness and pseudo-amenability of S 1 A(G)
In the preceding section we saw that the pseudo-amenablity of a Segal algebra S 1 (G) in L 1 (G), implies that G, and hence L 1 (G), is amenable. In this section we prove that (operator) approximate biflatness, and therefore pseudo-amenability, of the (operator) Segal algebra S 1 A(G) is much weaker than the (operator) amenability of A(G) (Theorems 4.6 and 4.7). On the other hand, the next theorem shows that the dual version of Theorem 3.5 is true.
If F (G) is any collection of continuous functions on G, we let F c (G) denote the set of compactly supported functions in F (G).
Proof. Let u ∈ SA(G), ǫ > 0. Take e ∈ SA(G) such that ue − u SA < ǫ/2. Choosing e 0 ∈ A c (G) such that e − e 0 A < ǫ/(2 u SA ) we have ue 0 ∈ SA c (G) and
This proves (i). If G is discrete, then for g ∈ G, δ g ∈ A(G) and we can choose u ∈ SA(G) such that u − δ g A < 1/2. Then |u(g) − 1| < 1/2, so 
Proof. We prove the operator space version of the theorem. Suppose that G is discrete and that SA(G) has an approximate identity (e λ ) λ∈Λ . By Lemma 4.1, we may assume that each e λ has compact support E λ , and we can define
It is clear that a · m λ = m λ · a (a ∈ SA(G)) and π(m λ ) = e λ (λ ∈ Λ), an approximate identity. Hence, SA(G) is operator pseudo-contractible. Assuming that SA(G) is operator pseudo-contractible, let (m α ) α be an operator approximate diagonal for
where λ(e) is the (completely) bounded functional on SA(G) defined by λ(e)u = u(e). By checking with elementary tensors m = u ⊗ v, one sees that T (a · m) = aT m, T (m · a) = a(e)T m (a ∈ SA(G)), and T m(e) = π(m)(e). Hence, we can choose ψ = T m α such that ψ = ψa (a ∈ SA(G), a(e) = 1) and ψ(e) = 0.
The remainder of the proof is similar to the proof of [28, Proposition 5] . Let g ∈ G and choose v ∈ A(G) such that v(g) = 0, v(e) = 1, and take a ∈ SA(G) such that a(e) = 1. Then av ∈ SA(G) satisfies av(e) = 1, so 0 = avψ(g) = ψ(g). Hence, δ e = 1 ψ(e) ψ, which is a continuous function on G. Hence, G is discrete. The equivalence of statements (ii) and (iii) is a special case of (the operator space version of) [17, Proposition 3.8] .
Proof. By definition, S 1 A(G) inherits its operator space structure via the embedding
[11, p.4]. As F A and F L are completely bounded, so is
is also completely bounded.
The "completely bounded" part of the next lemma will not be needed, but may be of independent interest.
Lemma 4.4. If A(G) has an approximate identity which is bounded in the (completely bounded) multiplier norm, then so does S 1 A(G).
Proof. Let (e λ ) λ∈Λ be an approximate identity for A(G) with bound R in the multiplier norm of A(G); we may further suppose that (e λ ) is contained in S 1 A(G) . Given x ∈ G, choose v ∈ A(G) such that v A(G) = 1 and v(x) = 1. Then for any λ,
Hence, e λ ∞ ≤ R (λ ∈ Λ) (9) and therefore, for any v ∈ S 1 A(G),
Thus, (e λ ) is also bounded in the multiplier norm of S 1 A(G). As (e λ ) is an approximate identity for A(G), e λ → 1 in the topology of uniform convergence on compact subsets of G. This, together with equation (9), yields
Consequently, (e λ ) is an approximate identity for S 1 A(G). Suppose now that (e λ ) is bounded, again by R, in the cb-multiplier norm in A(G). Again, we can suppose without loss of generality that (e λ ) is contained in S 1 A(G). From equation (9) we know that the maps
are bounded by R. It follows from Lemma 4.3 that (e λ ) is bounded in the completely bounded multiplier norm taken with respect to S 1 A(G).
If u is a function defined on a subgroup H of G, we let Proof. Let C be a transversal for left cosets of H in G, and assume that e ∈ C. Order the collection Γ of finite subsets of C by inclusion, and for Let (e λ ) λ be an approximate identity for S 1 A(G). As noted on page 10 of [11] , A c (G) is dense in S 1 A(G), so we may assume that each e λ has compact support so that (e λ ) λ ⊂ ∪ γ S 1 A γ . If we define projections P γ of S 1 A(G) onto S 1 A γ by P γ u = u1 Eγ , the (operator) approximate biflatness of S 1 A(G) follows from Proposition 2.7. 
Feichtinger's Segal algebra
Let us recall the definition of S 0 (G). Let K be a compact subset of G with non-empty interior and A K (G) = {u ∈ A(G) : suppu ⊂ K}. We let
where s * v(t) = v(s −1 t) and ⊗ op denotes the operator projective tensor norm, which in this case is the same as the projective tensor norm ⊗. Then we set S 0 (G) = ranq K and assign S 0 (G) the operator space structure (hence Banach space structure) it inherits as a quotient of ℓ 1 (G) ⊗A K (G). We recall that this operator space structure is completely isomorphically, though not completely isometrically, independent of the choice of the set K. We do not know a tractable formula for the norm of a matrix [v ij ] in M n (S 0 (G)). However, if we consider a dual formulation, and consider matrices with a "trace-class" norm,
We recall for any operator space V that a linear map S : V → V is completely bounded if and only if the sequence of maps
are uniformly bounded, and we have S cb = sup n∈N T n (S) . We let the multiplier algebra of S 0 (G) be given by
The usual closed graph theorem argument tells us that for each u in M S 0 (G), the operator v → uv is bounded. We further define the completely bounded multiplier algebra of S 0 (G) by
We thus obtain the following modest description of the multipliers and the completely bounded multipliers. We note that by regularity of A(G), the condition uA K (G) ⊂ A K (G), for any K as above, is equivalent to saying that u is locally an element of A(G).
Proof. We will show only (ii), the proof of (i) being similar.
If 
Then we have
Hence for each n, T n (m u ) ≤ u M cb ranq K < ∞, and thus u ∈ M cb S 0 (G).
We let M A(G) and M cb A(G) denote the algebras of multipliers and completely bounded multipliers of A(G). The following is immediate from the proposition above. (ii) M cb A(G) ⊂ M cb S 0 (G) with u M cb ranq K ≤ u M cb A for any u ∈ M cb A(G) and K as above. In particular, S 0 (G) is a completely contractive B(G)-module.
Proof. The only thing which does not follow directly from the proposition above is that S 0 (G) is a completely contractive B(G)-module. This can be seen by a straightforward modification of the proof of the fact that S 0 (G) is a completely contractive A(G)-module in [34] .
We are now ready to state the main result of this section. Proof. We first prove that S 0 (H) is operator biflat. Let {f α } α∈I be a bounded approximate indicator for ∆ H . For each α ∈ I, define the operator ρ α : S 0 (H × H) → S 0 (H × H) by ρ α (u) = uf α (α ∈ I). It is easy to see that, for each u ∈ I 0 (∆ H ), uf α → 0 as α → ∞. On the other hand, from Proposition 5.1 and [34, Theorem 3.1], S 0 (H × H) has an approximate identity bounded in its cb-multiplier norm. Hence from the fact that ∆ H is a set of synthesis for A(H × H) [35, Theorem 3] , it follows that I 0 (∆ H ) is dense in I(∆ H ). Thus, for u ∈ I(∆ H ) and ǫ > 0, there is u ǫ ∈ I 0 (∆ H ) such that u − u ǫ < ǫ. Hence 
